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Abstract
Some problems arising out of recent work of P.M. Gartside and J.T.H. Lo are here surveyed.
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Universals, introduced by H. Lebesgue in 1905 and underlying much classical work in
Descriptive Set Theory (see [6,7]), have recently been re-considered by the Oxford group
in a modern light. Some elements of the work provide the problems which are surveyed
here and are derived from [4,5]. All spaces are regular and Hausdorff.
1. Background on Borel universals
We use the following (abbreviated) notation for the Borel hierarchy {Σα,Πα (1 
α < ω1)} in a space X: Σ1 for the family of open subsets of X and, inductively, Πα
(1 α < ω1) for the family of complements of elements of Σα in X and Σα (2 α < ω1)
for the family of countable unions of sub-families from Πα−1 when α is a successor and for
the family of countable unions from all Πβ ’s, for β less than a limit α. Thus, Σ2 consists
of all the Fσ ’s, Π2 the Gδ’s, etc.
Definition 1.1. Suppose that X and Y are topological spaces. A subset U of X × Y is
Σα- (respectively Πα-) universal for X parametrised by Y if U is a Σα- (respectively
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Πα-) set and if for each Σα- (respectively Πα-) set V in X, there is y in Y such that
V = {x: (x, y) ∈ U} ≡ Uy. We may equivalently speak of ‘X having a Σα- (respectively
Πα-) universal parametrised by Y ’.
Theorem 1.2 [5]. Suppose that the topological space (X, τ) has weight κ and 0 < α < ω1.
Then X has a Σα-universal parametrised by D(|τ |)ω and one parametrised by 2κ . (D(λ)
is the discrete space of cardinality λ.)
Particularly interesting is the ‘base case’ where the parametrising space is the Cantor
set 2ω. For α = 1 and general X, and for α finite and X compact, every space with a Σα-
universal parametrised by 2ω must be metrisable. However, for α  2, there is a wide range
of non-compact, non-metrisable X having a Σα-universal parametrised by 2ω (see [2,4,5]).
We discuss ω α < ω1 and X compact below.
2. Open universals
The case of Σ1- (that is, open) universals sets the scene.
Theorem 2.1 [4]. Suppose X has an open universal parametrised by Y . Then
(a) ω(X) nω(Y ), hd(X) hL(Y ), hc(X) hc(Y ), hL(X) hd(Y );
(b) if X has a Gδ-diagonal
hd
(
Xω
)
 hL(Y ), hc
(
Xω
)
 hc(Y ), hL
(
Xω
)
 hd(Y );
(c) (consistent and independent) if X is compact and zero-dimensional, and Y has the
countable chain condition hereditarily, then X has a countable basis and is hence
metrisable.
Theorem 2.1(a) suggests the interest of further investigations of the relationship of
a space with another parametrising it in respect of hereditary density and hereditary
Lindelöf degree. S. Todorc˘evic´ in his work on partition relations [8,9] provides spaces
which Gartside and Lo use to give spaces X1, respectively X2, having open universals
parametrised by spaces Y1, respectively Y2, such that
(a) hd(X1) > hd(Y1);
(b) consistently, hL(X2) > hL(Y2) = ℵ◦.
Problem 2.2 [4]. Is there (in ZFC) a space X having an open universal set parametrised by
a space Y such that hL(X) > hL(Y )?
It is not known if the existence of a Gδ-diagonal is necessary for all the inequalities in
Theorem 2.1(b).
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Problem 2.3. Does there exist a space X (without Gδ-diagonal) having an open universal
parametrised by a space Y , for which
hc(X) = hc(Y ) = ℵ◦, hc
(
X2
)
> ℵ◦?
We note that if such spaces X,Y can be found, then hc(Y 2) cannot be countable (see [4])
and Y cannot be the Vietoris hyperspace of X (see [1]).
We now turn our attention to the third part of Theorem 2.1. The next problem appears
hard.
Problem 2.4 [4]. Can ‘zero-dimensional’ be omitted in the statement of Theorem 2.1(c)?
3. Gδ-universals for compact spaces
We have already remarked that when the parametrising space is the Cantor set, a
compact space with a Σ2- (and hence a Π2-, that is, Gδ) universal is necessarily
separable metric. It is interesting to compare results for Gδ-universals and more general
parametrising space with the inequality hd(X) hL(Y ) available for open universals (see
Theorem 2.1(a)).
Theorem 3.1 [5]. If the compact space X has a Gδ-universal parametrised by Y , then
hL(X) hL(Y ).
We recall that a strong S-space X is one for which Xn is hereditarily separable for each
positive integer n but X is not Lindelöf, whereas an L-space is one which is hereditarily
Lindelöf but not separable.
Theorem 3.2 [5]. (b = ℵ1) There exists a compact strong S-space having Gδ-universal
parametrised by a strong S-space.
Problem 3.3 [5]. Is there a compact L-space with a Gδ-universal parametrised by a
hereditarily Lindelöf space?
4. Σα-universals for compact X and countably infinite α
The general question which promotes the considerations discussed in this section is the
following.
Problem 4.1 [5]. Is it consistent that every compact space with a Σα-universal para-
metrised by a second countable space is second countable?
In this regard the next result should be noted.
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Theorem 4.2 [5]. The statement: ‘Every compact, first countable space having a Σα-
universal set parametrised by a second countable space is metrisable’ is undecidable in
ZFC.
N.B. In Theorem 4.2, ‘first countable’ may be replaced by ‘monotonically normal’
(see [5]).
A recent result of T. Eisworth, P. Nyikos and S. Shelah tells us essentially all we know
about Problem 4.1.
Theorem 4.3 [3]. It is consistent with 2ℵ◦ < 2ℵ1 that first countable, compact, hereditarily
c.c.c. spaces are hereditarily Lindelöf.
The statement in the paragraph before Theorem 4.3 is supported by noting the following
result.
Theorem 4.4 [5]. Suppose that α is a countably infinite ordinal and let X be a compact
space having a Σα-universal set parametrised by a second countable space Y . Then there
exist disjoint subspaces A, B of X with X = A ∪ B such that A consists all points with
countable character in X and B is hereditarily Lindelöf.
Problem 4.5 [5]. Is it consistent with 2ℵ◦ < 2ℵ1 that every compact hereditarily c.c.c.
space X which is the union of subspaces A, in which points have countable character
in X, and B , which is both hereditarily separable and hereditarily Lindelöf, is necessarily
hereditarily Lindelöf?
A positive answer to 4.5 would yield a positive answer (in the same model) to
Problem 4.1.
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